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A type of almost contact hypersurfaces with Norden metric of a Kahler man- 
ifold with Norden metric is considered. The curvature tensor and the special 
sectional curvatures are characterized. The canonical connection on such man- 
ifolds is studied and the form of the corresponding Kahler curvature tensor is 
obtained. Some curvature properties of the manifolds belonging to the widest 
integrable main class of the considered type of hypersurfaces are given.* 



Introduction 

The Kahler manifolds with Norden metric have been introduced in [9]. 
These manifolds form the special class Wq in the decomposition of the 
almost complex manifolds with Norden metric, given in [2]. This most im- 
portant class is contained in each of the basic classes in the mentioned 
classification. 

The natural analogue of the almost complex manifolds with Norden 
metric in the odd dimensional case are the almost contact manifolds with 
Norden metric, classified in [4]. 

In [5] two types of hypersurfaces of an almost complex manifold with 
Norden metric are constructed as almost contact manifolds with Norden 
metric, and the class of these hypersurfaces of a Wo-manifold is determined. 

An important problem in the differential geometry of the Kahler mani- 
folds with Norden metric is the studying of the manifolds of constant totally 
real sectional curvatures [3]. 
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In this paper wc study some curvature properties of the real time-hke 
hypersurfaces of Kahler manifolds with Norden metric of constant totally 
real sectional curvatures and particularly curvature properties of nondegen- 
erate special sections. 

1. Preliminaries 

1.1. Almost complex manifolds with Norden metric 

Let {M' , J,g') be a 2n'-dimensional almost complex manifold with Norden 
metric, i.e. J is an almost complex structure and g' is a metric on M' such 
that: 

J^X = -X, g'{JX, JY) = -g'{X, Y) 

for all vector fields X,Y & 3c{M') (the Lie algebra of the differentiable 
vector fields on M'). The associated metric g' of the manifold is given by 
g'{X,Y) = g'{X,JY). Both metrics are necessarily of signature {n',n'). 

Further, X, Y, Z, U will stand for arbitrary differentiable vector fields on 
the manifold, and x, y,z,u - arbitrary vectors in its tangent space at an 
arbitrary point. 

The (0,3)-tensor F' on M' is defined by F'{X,Y,Z) = g'{{Vx J)Y,Z), 
where V is the Levi-Civita connection of g' . 

A decomposition to three basic classes of the considered manifolds with 
respect to F' is given in [2]. In this paper wc shall consider only the class 
Wo : F' = Q oi the Kahler manifolds with Norden metric. The complex 
structure J is parallel on every Wo-manifold, i.e. V J = 0. 

The curvature tensor field R' , defined by R'{X,Y)Z = V^V^Z - 
V'yV'xZ - V[x_y]Z, has the property R'{X, Y, Z, U) = -R'{X, Y, JZ, JU) 
on a Wo-manifold. Using the first Bianchi identity and the last property 
of R it^foUows R'{X, JY, JZ, U) = -R'{X, F, Z, U). Therefore, the tensor 
field R' : R'{X, Y, Z, U) = R'{X, Y, Z, JU) has the properties of a Kahler 
curvature tensor and it is called an associated curvature tensor. 

The essential curvature-like tensors are defined by: 

-K[{x,y,z,u) = g'{y,z)g'{x,u) - g'{x,z)g'{y,u), 
■K2{x,y,z,u) = g'{y, Jz)g'{x, Ju) - g'{x, Jz)g'{y, Ju), 
n'^ix, y, z, u) = -g'{y, z)g'{x, Ju) + g'{x, z)g'{y, Ju) 
- g'iy, Jz)g'{x, u) + g'{x, Jz)g'{y, u). 

For every nondcgencratc section a' in Tp'M', p' G M' , with a 
basis {x,y} there are known the following sectional curvatures [1]: 
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k'(a':p') = k'{x,y) = ^, - the usual Riemannian sectional curva- 

ture; k'(a';p') = k'(x,y) = ^'^Z'^.'^'Zl - an associated sectional curvature. 

The sectional curvatures of an arbitrary holomorphic section a' (i.e. 
Ja' = a') is zero on a Kahler manifold with Norden metric [1]. 

For the totally real sections a' (i.e. Ja' _L a') it is proved the following 

Theorem 1.1. ( [1]) Let M' (2n' > A) he a Kdhler manifold with Norden 
metric. M' is of constant totally real sectional curvatures v' and v' , i.e. 
k'{a'\p') = ^'{p'), k'{a';p') — v'{p') whenever a' is a nondegenerate totally 
real section in TpiM' , p' e M' , if and only if 

R' = v' [k[-'k'^\+v'tt'^. 

Both functions v' and v'are constant if M'is connected and 2n' > 6. 

1.2. Almost contact manifolds with Norden metric 

Let {M,(fi,^,r], g) be a (2n+l)-dimensional almost contact manifold with 
Norden metric, i.e. {(f, ^, rf) is an almost contact structure determined by a 
tensor field ip of type (1, 1), a vector field ^ and an 1-form 77 on M satisfying 
the conditions: 

^■'X = -X + r^{X)^, r?(0 = l, 

and in addition the almost contact manifold (M, tp, ^, rj) admits a metric g 
such that [4] 

g{^X, ^Y) = -g{X, Y) + r?(X)r?(F). 

There are valid the following immediate corollaries: rj o = 0, ip^ = 0, 
Tj{X) = g{X,0, gi^X,Y) ^ g{X,^Y).^ 

The associated metric g given by g{XX) = g{X,ipY) + rj{X)ri{Y) is a 
Norden metric, too. Both metrics arc indefinite of signature (n, n + 1). 

The Lcvi-Civita connection of g will be denoted by V. The tensor field 
F of type (0,3) on M is defined by F{X,Y,Z) = g{{Vx ^)Y,Z). 

If {ei,^}(i = 1,2, ...,2n) is a basis of TpM and (5'^) is the inverse 
matrix of [gij), then the following 1-forms are associated with F: 

e{-)=g'^F{ei,ej,-), 9*{-) = g'^ F{ei,^ej,-), u,{-) = F{^,^,.). 

A classification of the almost contact manifolds with Norden metric with 

respect to F is given in [4] , where eleven basic classes J-'i are defined. In the 
present paper we consider the following classes: 
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: F{x,y,z) = -^^{g{(px,ipy)r){z)+g{(px,(pz)r){y)}; 
2n 

6* 

Tf, : F{x, y, z) = r— {,9(.x, ml)^{z) + ,g(.T, '^z)^{y)Y 

JPg : F{x, y, z) = F{x, y, Oviz) + F{x, ^, z)7^{y), 6(0 = 0* (0 = 0, 

F{x, y, i) = F{y, x, F{ipx, ipy, = -F{x, y, ^); 
J^ii : F{x, y, z) = r]{x){r]{y)uj{z) + r]{z)u){y)}. 

The classes etc., arc defined in a natural way by the conditions 

of the basic classes. The special class J^q : F = i)is contained in each of the 
defined classes. The .F?-manifold is an !Fi -manifold [i = 1,4,5,11) with 
closed 1-forms 6', 0* and u) o ip. 

The following tensors are essential curvature tensors on M: 

TTi {x, y, z, u) = g{y, z)g{x, u) - g{x, z)g{y, u), 
TT2{x,y,z,u) = g{y, tpz)g{x, ipu) - g{x, ipz)g{y,ipu), 
TT3{x,y,z,u) = ~g{y, z)g{x,(fu) + g{x, z)g(y,(fu) 

- g{y, ^z)g{x, u) + g(x, ipz)g(y, u), 
Tr4,{x, y, z, u) = T]{y)T]{z)g{x, u) - r]{x)r]{z)g{y, u) 

+ V{x)viu)g{y, z) - ri{y)ri{u)g{x, z), 
Tr5{x, y, z, u) = T]{y)T]{z)g{x, ipu) - T]{x)r]{z)g{y, ipu) 

+ r]{x)r){u)g{y, ipz) - r}{y)r]{u)g{x, ipz). 

In [7] it is established that the tensors tti — ■7r2 — 7r4 and tts + tts 
are Kahlerian, i.e. they have the condition of a curvature-like tensor L: 
L{X,Y,Z,U) = -L{X,Y,tpZ,(pU). 

Let R be the curvature tensor of V. The tensors R and R : R{x, y,z,u) = 
R{x, y, z, (fu) are Kahlerian on any J^o-manifold. 

There are known the following sectional curvatures with respect to g 
and R for every nondegenerate section a in TpM with a basis {x, y}: 

w N w N R{x,y,y,x) Zi \ Zi \ Ri^^y^y^x) 

k{a;p) = k{x,y) = — -, k{a;p) = k{x,y) - 



ni{x,y,y,x)' ' ' ni{x,y,y,x)' 

In [8] there are introduced the following special sections in TpM: a ^-section 
(e.g. x}), a (^-holomorphic section (i.e. a = (pa) and a totally real section 
(i.e. a _L (pa). 
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The canonical curvature tensor K is introduced in [7] . The tensor K is 
a curvature tensor with respect to the canonical connection D defined by 

DxY = VxY + i {{Vx<p)<fiY + {Vxv)y4} - v{Y)Vx^. (2) 

The connection D is a natural connection, i.e. the structural tensors are 
parallel with respect to D. Let us note that the tensor K out of has the 
properties of i? in ^o- 



2. Curvatures on the real time-like hypersurfaces of a 
Kahler manifold with Norden metric 

In [5] two types of real hypersurfaces of a complex manifold with Norden 
metric are introduced. The obtained submanifolds are almost contact man- 
ifolds with Norden metric. Let us recall the real time-like hypersurface with 
respect to the Norden metric. 

The hypersurface M of an almost complex manifold with Norden metric 
{M' ,J,g'), determined by the condition the normal unit TV to be time- 
like regarding g' (i.e. g'{N,N) = —1), equipped with the almost contact 
structure with Norden metric 

:= J + cost.g'{-,JN){cost.N - sint.JN}, 
^ := sint.A'' -|- cost. JA'', rj := cost.g'{-, JN), g-=g'\M, 

where t := arctan{(7'(7V, JA^)} for t G (~f)f)) is called a real time-like 
hypersurface of {M',J,g'). 

In the case when (M', J, g') is a Kahler manifold with Norden metric (i.e. 
a Wo-manifold) , in [6] it is ascertained the following statement: The class 
.?4(8) J^5(8) J^6<8).Fii is the class of the real time-like hypersurfaces of a Kahler 
manifold with Norden metric. There are 16 classes of these hypersurfaces 
in all. When n = 1 the class jFg is restricted to JFq. Therefore, for a 4- 
dimensional Kahler manifold with Norden metric there are only 8 classes 
of the considered hypersurfaces. 

The tensor F and the second fundamental tensor A of the considered 
type of hypersurfaces have the following form, respectively: 

F{X, Y, Z) = smt{g{AX, ipY)ri{Z) + g{AX, ipZ)7j{Y)} 

- cost{giAX, YMZ) + giAX, Z)ij{Y) - 2r,(AX)r;(F)ry(Z)} , 

(4) 

= -ItB-A^)^ ~ sint{Vxe + 5(V5^, X)i} 
+ cost{^pVx^ + <?(¥'V5^, X)i}. 
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The basic classes of the considered hypersurfaces are characterized in terms 
of the second fundamental tensor by the conditions [5]: 

^5 : A = -i|^7?®^+^{cost.(^ + sini.^2|. 
J^e ■■ Ao<f = ^oA, trA - ^ = tr{A o ip) = 0; 

— smt{r] (g) iffl + (w o (^) (g) a;(-) = g{-, O). 

According to the formulas of Gauss and Weingarten in this case V^F = 

VxY — g{AX, Y)N, V'xN ~ — AX, we get the relation between the curva- 
ture tensors R' and R of the Wo-manifold (M', J,g') and its hypersurface 
(M, (f, ^, Tj, g), respectively: 

R'{x, y, z, u) = R{x, 2/, z, u) + ttiIAx, Ay, z, u), 
R'{x, y)N = - (V^A) y + {VyA) x. 

Hence, having in mind Theorem 1.1, we obtain: 

R{x,y,z,u) = ^v' [tt[ - tt'^] + v'tt'^^ {x,y, z,u) - 'r:i{Ax,Ay, z,u), 

R{x, y, tpz, ipu) = — |i? — iy'[TT4 — taniTrs] + u'[k5 + tant7r4]| {x, y, z, u) 

-[tti +TT2]{Ax,Ay,z,u), 
R{x,y)£^ — ^iy'[TT4 — tantTTs] — ly'lir^ +tant7r4]| {x,y)^ — 'Ki{Ax,Ay)^, 
R{x,y)N = -^[i/'tts + ?n4]{x,y)C. 

Therefore 

(V^A)2/ - {S/yA)x = -^Wtt5 + ^'TT4]{x,y)i. (5) 
cosr 

Having in mind the equations: g'{y,Jz) = g{y,(pz) + taut ri{y)ri{z), 
Tr[ = TTi, TTj = TT2 + tSLiit TTr,, TTg = 773 — taut 774, wMch are valid for real 
time-like hypersurfaces, we obtain 



Proposition 2.1. A real time-like hypersurface of a Kahler manifold with 
Norden metric of constant totally real sectional curvatures v' and v' has 
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the following curvature properties: 

R{x,y, z, u) = |z^'[7ri — 772 — tanfTTs] + u'Ittz — taiit7r4]| {x, y, z,u) 

-Tri{Ax,Ay,z,u), 
T = ^n^u' - 4ni/tani - (tr^)^ + ivA^, 
T = -2nu'tant + 2n(2n - - trAtr(A oip)+ tr{A^ o ip); 
for a ^-section x} 

k{^,x) = v' - v' tan t - [v' tan t + v'] 9^^^^^) _ T^iiMi^^^^^i) , 

g(x, x) — rj[x)^ g[x, x) — rj[x)'^ 

for a ip-holomorphic section {ipx, tp^a;} and for a totally real section {x, y}, 
orthogonal to ^, respectively: 

2 ^ TTi{Aipx,Aip'^x,^p^x,^px) w X , '^i{Ax,Ay,y,x) 

k{(px,(px) = 2 2 ^ ' Hx,y)=p ^— r— . 

'iTi{ipx,if^x,if^x,ipx) ■Ki{x,y,y,x) 

If (M, y>, ^, r], g) is a real time-like hypersurface of Wo-manifold, then 
(2), (4) and (5) imply that the canonical curvature tensor has the form 

K{x,y, z,u) = R{x, y,ip'^z, ^p^u) + tti {Ax, Ay, ^pz, (pu) 

+ sinf {sinf[7ri — 772 — 774] — cosffTTs + 775]} {Ax,Ay,z,u). 

Then, because of the last equation and Proposition 2.1 we have 

Proposition 2.2. Let {M, tp, ^, rj, g) he a real time-like hypersurface of a 
Wo-manifold [M' ,J,g') of constant totally real sectional curvatures. Then 

K of M is Kdhlerian and 

K{x,y,z,u) = ^v'[tti -1x2- -ka] + i^'Itts + n^]^ {x,y, z,u) 

— cosi{ cost[7ri — n2 — ^4] + sint[7r3 + 7r5]}(^a;, Ay, z,u), 
t{K) = An(n — l)v' — cos t{a cost + 26 sin t), 
t{K) = 4n{n — — cost(asint — 25 cos i), 

a = (trA)2 - tvA^ - [tT{A o + tr(^ o (p)^ - 2ri{A^)tTA + 2g{A^, AS,), 
b = tr(A2 oip)- trAtr(A o (p) + r]{AS)tr{A o ip) - g{<pA£,, A^). 

3. Curvatures on Wo's real time-like hypersurfaces, 
belonging to the main classes 

Now, let (M, p, ^, rj, g) belong to the widest intcgrablc main class ® JF5 
of the real time-like hypersurfaces. Let us recall that a class of almost 
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contact manifolds with Nordcn metric is said to be main if the tensor F is 
expressed expUcitly by the structural tensors (p, ^, rj, g. In this case for the 
second fundamental tensor we have [5]: 

^ = - IB^ ® ^ - 2k { [^(0 sin t - r (0 COS t] ^ 
-[e(0cost + r(0sint]<^2|^ 

tr^ = -S-^(Ocost-r(Osint, 
tr(^ 01^)= 61(0 sin t - 6* (^) cos t. 
Then, having in mind the last identities and Proposition 2.1, we obtain 

Corollary 3.1. // a real time-like hypersurjace of a Kdhler manifold with 
Norden metric of constant totally real sectional curvatures is an (B Tb- 
manifold, then it has the following curvature properties: 

R = v'['Ki — 7r2 — tantTTs] + z^'[7r3 — tant7r4] 

— rfUi)_;^(^)[sini7r5 +cost7r4] + 6** [sin t7r4 - costTTs]} 



An cos t 

1 7r2 [TTi — TT2— TTil 



cos t+8' (5) sin t) sin t-e* (C) cos t) 



4n2 4n 

yyy'i) cos t+0* sin tj {0{^) sin t — iy i^t^yi^u^i-i . , 
+ - +7r5j, 

T = 4n{nv' - j/tani) - dt{^)0{O - dt{^)9*{^)tant 



-^{e{Ocost + 0* iO sin tr - '-^^^P^ , 
T = 2n{n ~iy + 2nv'iant+ ^Mil tant - mifMl 
+^{0{£.) sin t - 0* (0 cos t) {0(C) cos t + 0* (0 sin t) , 

Let us remark that we can obtain the corresponding properties for the 
classes and J^q, if we substitute 0*{£,) = 0, 0{C) = and 0{C) = 

0*{C) = Q, respectively. 

Using the equations (2) and (1), we express the canonical connection 
explicitly for the class © T5 as follows 

0{£) 0*(C) 

DxY = Vx>^+^ {g{x, vy)C - v{y)vx} — ^ {gi^x, vy)^ - v{y)v''x} . 

Let {M,ip,C,r],g) G © J^g , i.e. {M,ip,C,r],g) is an (.F4 © .F5) -manifold 
with closed 1-forms and 0* . The canonical curvature tensor K of any 
{^4 © ^-"5) -manifold is Kahlerian and it has the form 

i^ = E+S|^.. + M,4 

+ Sl^k2-.4] + ^.l-^[.3-.5]. 
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Then, using Corollary 3.1, we ascertain the truthfulness of the following 

Corollary 3.2. // a real time-like hypersurface of a Kdhler manifold with 
Norden m,etric of constant totally real sectional curvatures is an (^4 ®^)- 
manifold, then K is expressed in the following way: 

tant + + ^Miimtan^- M + 

_ tan t + iMi) tant - _ _ m^),, 

(6i({)cosf+6l*({)sint)^ . . 
4^ ^Fl - 7^2 - 7r4] 

(61(f) sint-e'(£) cost) (e(f)cos t-\-0* {^) sinf 1 p , 
+- i;^ ^ F3 + TTs] . 

We compute the expression (V^; A) y— (V^ A) x using (6) and we compare 
the result with (5). Thus, we get the relations 

>^' = - + ^ [mo sin t - i9* iO cos t] 



+ ^cost [61(0 cos t + 6* (C) sin t] , 

~, = + \_^e{^) cost + sini] 

- ^ cos t [61(0 sin t - e* (0 cos t] . 

Hence, we have 



(7) 



K = A[7ri - 772 - TT4] + /^[tTs + TTs] 

2n 

Pr_ - 1 , g(;)g''(;) r- 



iJ = A[7ri - 7r2 - 7r4] + Mi^rs + tts] - ^7r4 - ^tts 



A = - *(|^ + Ml) COS i [0(0 cos t + 9* (0 sin t] 

+ ^[e^(Osint-^r(Ocosi], 
M = - ^^^^ - ^ cos i [0(0 sin t - r (0 cos t] 

We solve the system (7) with respect to the functions 6{^) and 0*(O for 
t = const and get 



3 tan t^v ) 



\/'^{y' cost— I/' sint+V'i/'^+t''^) ' 
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where e = ±1. Since v' and v' arc pointwisc constant for Af'^ (n = 1) and 
they are absolute constants for M'^"+^ {n > 2) (Theorem 1.1), then the 
functfons and 0*{S,), which determine the real time-like hypersurface as 
an almost contact manifold with Nordcn metric, are also pointwise constant 
on and absolute constants on M^"+^ (n > 2). Hence, we have 

Theorem 3.1. Let {M',J,g') he a Kdhler manifold with Norden metric 
of constant totally real sectional curvatures. Let the (jF^ JF^ ) -manifold 
{M,(p,^,r],g), dimM > 5, be its real time-like hypersurface, defined by (3). 
Ift = const, then K = on M and 

r=ll!-(2n + l)qf, r=Mi), 



k{^x,^^x)=-'-^^^^^, k{x,y) = -qf 
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